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Theoretical Prediction of Resonance in Nozzle Flows

Henry Y. W. Wong*
ESA, European Space Research and Technology Center, 2200AG Noordwijk, The Netherlands

Resonance and damping in the shock movement induced either by alow-pressure ratio in a transonic convergent—
divergent nozzle flow or by a supersonic or hypersonic flow in an overexpanded nozzle subject to external pressure
fluctuations have been studied experimentally and numerically in the past. The underlying mechanisms for this
resonance phenomenon in both cases are not fully understood. A perturbative quasi-one-dimensional model,
coupled with a dual-oscillator concept, is given to explore the physical parameters that govern the shock excursion
and the wave transport in the subsonic domain downstream of the shock. It is shown that the standing wave (strong
resonance) in the former case is a consequence of superimposing two almost identical in amplitude but in opposite
direction traveling waves through the subsonic domain inside the separated boundary layer. In the latter case, a
relatively weak resonance is encountered as a result of the phasing in the convective energy transported between
the energy dissipation due to the shock movement and the energy supply due to external pressure fluctuations.
Resonant frequencies and pressure fluctuations compare well with the available experimental data and numerical

solutions.

Nomenclature

= throat and local cross-sectional area
a = speed of sound

C, Cmax shock velocity and its maximum speed

cp = specific heat capacity at constant pressure

¢, Cl = local Riemann characteristic speed and its
streamwise derivative

Cu = wave speed

= geometrical factor

= acoustic reflection parameter

= stored and convective energies

internal energy per unit mass

frequency and wavelength

distance between shock and exit

Mach number

= mass flow and mass flow rate
static and total pressures

= throat radius

= static temperature

= time
local flow velocity

= displacement relative to shock mean location
acoustic admittance and its streamwise
derivatives

= ratio of specific heat capacities
perturbation parameters

= cone angle relative to its symmetry axis

wave numbers

= phase angle between traveling waves

= flow density

= phase angle between shock motion

and pressure behind shock

= phase angle between pressure behind shock

and pressure at exit

angular frequency
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Subscripts

m = maximum modulus value
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mean or steady value
upstream and downstream of shock
nozzle exit
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1. Introduction

ESONANCE phenomenon in nozzle flows has been studied
in the past by many researchers not only because of academic
interest, but also of its significance in many engineering applica-
tions ranging from mixing,' jet noise control® to buffeting in exter-
nal flows® and rocket engine instability.* For instance, in the case
of convergent—divergent nozzles without any abrupt change in the
cross-sectional area under a transonic flow condition at a pressure
ratio much lower than the design value, flow separation takes place
just downstream of the throat shock. Consequently, resonance and
tones are encountered with such a nozzle flow condition. Research
has been conducted experimentally,®—8 as well as numerically.”® An
excellent overview of this activity has been reported by Zaman et al.®
In the case of supersonic or hypersonic cold subscaled rocket noz-
zle flows, such as those described by Schwane et al.,* flow separation
takes place just downstream of a separation shock, the so-called free
shock separation (FSS), located somewhere between the throat and
the nozzle exit inside the overexpanded nozzle, depending mainly on
the pressure ratio. A relatively more complex flowfield, the so-called
restricted shock separation (RSS), can arise if the flow separation
reattaches to the nozzle wall downstream of the initial separation
location. A detailed account on the flow separation concept related
to the side-load behavior of this kind of nozzle can be found by
Terhardt et al.'® Under this cold flow condition, where the move-
ment of the separation shock in the FSS mode is under the influence
of external pressure fluctuations at the nozzle exit, amplification of
fluctuating pressure correlations between the region downstream of
the separation shock and the external flow has been reported and
studied experimentally'' and numerically.* The shock excursion of
this kind of shock movement, which depends on this amplification
factor, has a great influence on the side-load effect to the nozzle in
the case where the flow separation is asymmetric under certain con-
ditions and may pose a threat to the occurrence of structural fatigue
of nozzles.

There are other kind of nozzle flows where resonance phe-
nomenon can be encountered such as those studied by Hill and
Greene' and Hussain and Hasan'? in which the nozzle has an abrupt
change in the cross-sectional area, sometimes known as whistler
nozzles. We shall confine our study to the case without any abrupt
area change. Another area that is beyond the scope of this study
involves a complex interference of tones generated by interactions
between disturbances initiated at the nozzle lip and the shear layer



at the exit of an underexpanded supersonic jet flow. This induces
a resonance phenomenon commonly known as screech tones, as
reported by Krothapalli and Hsia.?

In all cases, a literature survey of all the available journals and
proceedings published internationally shows that analytical study
in the resonance phenomena in nozzle flows is almost nonexistent,
which indicates the degree of complexity in the flowfield involved.
In fact, the mechanism involved in the generation of the resonance
phenomena, ranging from transonic to hypersonic nozzle flows as
mentioned earlier, hitherto is still not fully understood.

An analytical relationship between the shock movement and its
downstream pressure was first derived by Tijdeman'® for a transonic
flow around oscillating aerofoils with an assumption of Mach num-
ber freeze. Culick and Rogers'* have presented a useful analysis in
the response of a normal shock inside a divergent channel at low fre-
quencies, but without going further into the resonance phenomenon.
Sajben'’ has further extended the results of Culick and Rogers'* for
a higher frequency. These results will be useful as a cross-check
with some of the results presented here.

The present study demonstrates an analytical approach to solve
the interaction between a fluctuating external pressure at the exit of
a conical nozzle and the conical shock induced by the pressure ratio
inside the nozzle. The main objective is to understand the physi-
cal phenomena, mainly inviscid, governing the shock excursion and
the wave transport in the subsonic region downstream of the shock,
which have a significant influence on the mechanism in the gen-
eration of a standing wave within the subsonic domain inside the
nozzle.

There are some flow similarities between the convergent—
divergent nozzle and the conical nozzle cases. First, the pressure
at the nozzle exit fluctuates periodically at resonance as demon-
strated by the computational fluid dynamics (CFD) analysis shown
by Loh and Zaman.® Second, there is a periodic shock movement.
Third, the region downstream of the shock is subsonic. The main
difference is the Mach number upstream of the shock in which one
is transonic, and the other is supersonic or hypersonic. Basically, it
is this difference that differentiates the amplitude of resonance, as
shown in this study.

Moreover, the conical nozzle case is an approximation to the
rocket nozzle case where a separation shock exists as mentioned
earlier. It will be shown in this study how to modify this conical
nozzle result and apply it to the rocket nozzle condition, such as the
contoured S6 nozzle described by Torngren.!!

This study forms a basis to interpret available experimental data,
as well as to improve the design of experimental investigation in
the area of an induced-shock movement inside a nozzle under the
influence of external pressure fluctuations at the nozzle exit. In ad-
dition, this study provides a parametric investigation on the cause
of resonance and the damping on the shock movement and a theo-
retical prediction of the shock excursion including its applicability
to contoured nozzles.

This paper will introduce a perturbative quasi-one-dimensional
inviscid theory for unsteady conical nozzle flows in two parts. The
first part is to present a dual-oscillator concept governed by a one-
dimensional wave transport equation that predicts the pressure fluc-
tuation just downstream of the shock in relation to the external
pressure fluctuation at the nozzle exit. The physical meaning of this
simple one-dimensional wave equation in terms of resonance and
damping will be explained, and the conditions of resonant frequen-
cies at different harmonics will be derived. A comparison with the
available experimental data®? is included.

The second part is to model the conical shock movement as a con-
sequence to the pressure fluctuation just downstream of the shock. A
more rigorous quasi-one-dimensional nonlinear transport equation
will be employed in the subsonic domain downstream of the shock,
and its predictions based on the principle of energy conservation
applied within a control volume will be compared with CFD results
and with those from the first part of this study.

Finally, the range of applicability will be discussed, and an ex-
ample of its application to a contoured S6 nozzle is provided and
compared with the experimental data.!!
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II. Quasi-One-Dimensional Theory

A. Dual-Oscillator Concept

Consider a periodic motion of the conical shock induced by ex-
ternal pressure fluctuations at the end of the nozzle as shown in
Fig. 1.

The external fluctuating pressure behaves like an oscillator at one
end of an elastic spring, sending mechanical longitudinal waves to
the other open end of the spring, where a periodic shock motion
(linear oscillator) is induced. These oscillators are correlated but
not necessarily in phase, and if there is a wave reflection from a
subsonic domain upstream of the shock, to be justified, the effect of
the combination of these longitudinal waves could create a standing
wave. We shall examine under what conditions that a standing wave
can be created inside the subsonic domain between the conical shock
and the nozzle exit.

The first step is to establish a simple wave transport equation
between the two oscillators: the periodic shock motion and the ex-
ternal fluctuating pressure. A more rigorous quasi-one-dimensional
nonlinear transport equation will be presented in the second part of
this theory. Consider a one-dimensional wave equation,

PAP 1 8°AP

axr 2 A

ey

where ¢, for a wave traveling upstream towards the shock, can be
defined as

Cy =W/k=a—uy 2)

and for a wave traveling downstream toward the nozzle exit can be
defined as

Co = /g = a +uy 3)

AP is the fluctuating component of the local static pressure in the
subsonic domain. A solution to Eq. (1) is sought subject to two
boundary conditions. The first boundary condition is the periodic
pressure fluctuation just downstream of the shock, which can be
written as, at x =0,

AP = €20 P20 sin(wt) (4)

(Note that it is relatively easier to comprehend the physical mean-
ing of the equation in terms of a trigonometric function than of a
complex function ¢!, which most acoustic scientists employ. The
mathematical advantage of using a complex function to represent a
periodic variation is appreciated.'®!7)

The second boundary condition is the external fluctuating pres-
sure at x = L and can be written as

AP = 830P30 Sin((,()t + 1//) (5)

where &30 P3g is just a fraction of the mean static pressure Psg.
A general solution to Eq. (1) is

AP = g, sin(wt + kx) + & sin(wt — kzx + &) 6)
oscillatory
shock
subsonic
boundary layers /

Longitudinal
Pressure Waves

external
pressure
fluctuations

supersonic
core

Conical Nozzle

subsonic
domain

Fig. 1 Dual-oscillator concept.
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Equations (4) and (6) yield
&, + &, cos(&) = e Py, & sin(€é) =0 @)
Similarly, from Egs. (5) and (6), we have
eac08(k L) + &, cos(§ — kg L) = 30 P30 cos(yr)
gasin(k L) + &, sin(€ — kgL) = &30 P3o sin(yr) ®

Equation (7) gives two possible solutions, ¢, =0 or £ =nm, where
n is an integer. The first solution implies & = €3y because, for a first-
order approximation in the case of a small cone angle, Py~ P30,
which is just a steady solution. Substitution of the second solution
into Egs. (7) and (8) yields

gqcos(k L) & g, cos(kyL) = 39 cos(y) Py
gq8in(k L) F &, sin(ky L) = €39 sin(y) Pag
Ea + Ep = 8P20 (9)

Equation (9) yields an equation for the phase shift between the
pressure just behind the shock and the external pressure at the nozzle
exit,

tan(y) = &, sin(k L) F g, sin(ky L) (10)

g, cos(kL) & &, cos(kyL)

which is exactly the same result obtained by Culick and Rogers'*
with an acoustic complex analysis.

For a standing wave solution, this requires ¢, = ¢;,, which is, from
Eq. (9), equal to & P5p/2. Substitution of this solution into Eq. (10)
yields

¥ = [(k —kq)/2]L + mm an

where m is an integer. Substitution of Eq. (11) back into Eq. (9)
yields

g30(=D)"

= 12
= cosll(k + k) /2L (12)

and the local perturbative pressure as

_ &pPp(=D" . K —Ka k +kKq
P = m Sln(a)t + T.Xf) COS( B x)

(13)
Equation (12) shows that ¢ varies with frequency, and the condi-
tion for a standing-wave resonance with an infinite amplitude (no
damping) to take place is

K+k;=QCm+ 1)x/L (14)

which, together with Egs. (2) and (3), gives the resonant frequency
(natural frequency) as

f:(%n+U@ﬂ—u%)%an+1)%ben+U

(15)
4al 4L 4L

where u3 is the mean velocity at the nozzle exit, which is in general
much smaller than the local speed of sound a. Moreover, Eq. (15)
shows that, for this undamped resonance to occur, the nozzle exit
has to be approximately an odd multiple of a quarter-wavelength
distance away from the conical shock,

L~ MX/49)(2m+1) (16)

At the lowest resonant frequency (first harmonic) where m =0,
L ~ )\ /4. Resonance at a higher harmonic requires a longer L, as
shown in Eq. (16). This simple analysis has shown the influence of
the distance between the nozzle exit and the conical shock to the
resonant frequency in the shock movement. This influence will be

highlighted again in the more sophisticated analysis in the second
part of this study.

We have established the necessary but not sufficient condition
for a standing-wave resonance to occur based on the assumption
that the one-dimensional wave transport equation is sufficient to
represent the fluid dynamics in the subsonic domain. In fact, the
one-dimensional wave equation is a linearized one-dimensional Eu-
ler equation by ignoring all of the nonlinear terms as shown by
Lighthill.'® This kind of linearization may not be appropriate if there
exists a strong mean flow in the subsonic domain. In the second part
of this study, we shall solve a quasi-one-dimensional Euler equation
including all of the nonlinear terms. It will be shown that some of
these nonlinear terms create damping effects to attenuate the shock
movement and will be validated by CFD results. In other words, the
one-dimensional wave equation removes all of the damping effects
from the flowfield in the subsonic domain, and the amplitude of the
damping depends very much on the energy in the mean flow relative
to the energy in the wave.

In addition, a standing wave requires ¢, = €,, as shown in the
theory that implies a strongly reflected downstream traveling wave
superimposed on the upstream traveling wave in the subsonic do-
main. In the case of a supersonic or hypersonic nozzle flow, it will
be shown in the second part of this study that a conical nozzle with
a small cone angle results only a weakly reflected downstream trav-
eling wave. These two factors, damping and wave reflectivity, at-
tenuate significantly the magnitude of the standing-wave resonance
in the subsonic domain.

However, in the case of a transonic nozzle flow, such as those
described by Zaman et al.,® and Sajben and Kroutil,® the strongly
reflected traveling wave solution gives a reasonable prediction for
the resonant frequencies. Table 1 summarizes a comparison between
the experimental data and the theory. Because the mean velocity u3
at the nozzle exit and the shock location are not available in Refs. 6
and 8, only the upper bound frequency is theoretically predicted
in each case, as shown in Table 1. L can only be approximated to
be the distance between the throat and the nozzle exit. Some of
the experimental data have been confirmed by CFD prediction, as
reported by Loh and Zaman.® The range in the experimental data
comes from the increment of the pressure ratio between the plenum
and the ambient pressures for the case of Zaman et al.,’ or from
the different levels of inlet blockage due to the thickness of the
boundary layer for the case of Sajben and Kroutil.® In general, the
range shows that the resonant frequency increases as the pressure
ratio increases. In theory, as the pressure ratio increases, the onset
of the separated boundary layer takes place at a location farther
downstream away from the throat; hence, L is smaller according to
our definition of L. The separated boundary layer stays relatively
closer to the nozzle wall with a lower mean velocity uzy in the
subsonic domain inside the boundary layer. From Eq. (15), this
implies that the resonant frequency is larger, which is consistent
with the trend of the experimental data.

It can be seen that two of the nozzles have a range of resonant
frequencies above the corresponding maximum theoretical value.
These nozzles are designed to have a half-angle of divergence of
less than 2 deg, which is a three-dimensional effect on the resonant
frequency that can be ignored. The small divergence angle, coupled

Table 1 Comparison between theory and experimental data
in resonant frequency

Resonant frequency, f, kHz

Throat-exit ~ Divergence
Nozzle length L*, m angle 0, deg Experiment Theory
2722 0.038 1.83 2-5 2.2
ST12 0.107 6.35 0.3-0.6 0.8
6122 0.019 0.76 4-7 45
1T12 0.0095 8.34 3-5 8.9
McDonnell 0.551 8.8 0.1-0.13 0.15

Douglas®

2NASA John H. Glenn Research Center convergent—divergent three-dimensional noz-
zle (Zaman et al.®).
>Two-dimensional diffuser (Sajben and Kroutil®).



with a progressively thicker viscous boundary layer downstream,
provides a flow condition that could delay the shock formation at the
throat to a location much farther downstream away from the throat.
In addition, if the boundary layer is turbulent and its thickness is
developed or changed significantly within a short streamwise length
scale, a strong acoustic wave reflection could take place there instead
of at the exit. As a result, the length parameter for the subsonic wave
transport, L, is much smaller than the distance between the throat
and the exit, L*, which implies a larger resonant frequency according
to Eq. (15).

With a larger angle of divergence, the viscous effect has less
influence on both the shock formation at the throat and the subsonic
wave propagation through the separated boundary layer outside the
viscous sublayer.

Moreover, in addition to the viscous effect, there are other effects
that can damp out or attenuate the amplitude of resonance. These
effects will be discussed in the second part of this study.

Itis important to understand the mechanism of creating a standing
wave inside a nozzle to explain why a standing-wave resonance can
occur only in a low supersonic or transonic flow condition, but tends
to be attenuated in a high supersonic flow condition as indicated by
the experimental data.®!!

As discussed by Zaman et al.,° a feasible mechanism is that the
separated boundary layer downstream of the shock supports the
growth of the wave instability inside the subsonic domain. An-
other mechanism is related to the longitudinal acoustic resonance
within the subsonic domain. The wave instability along the separated
boundary layer induces longitudinal as well as transverse waves in-
side the subsonic domain. However, it is only the longitudinal wave
that can contribute to the mechanism of generating acoustic reso-
nance. Because of the discontinuity in the boundary condition at
the nozzle exit, any subsonic downstream travelling longitudinal
wave initiated from the separation shock has a reflection at the exit
and travels back upstream through the subsonic stems of the shock.
However, contrary to Zaman et al..° this upstream traveling wave
does not reflect at the stems of the shock but continues to propa-
gate upstream through the subsonic domain, upstream of the shock,
until a reflected wave takes place ideally at the plenum, upstream
of the throat, for a nozzle with a small cone angle. In practice,
a reflected wave can be generated downstream of the plenum de-
pending on the nozzle admittance as well as the local boundary layer
development, which will be discussed further later. These azimuthal
coherent reflected waves, after traveling through the upstream an-
nular subsonic boundary layer, merge together to form one strongly
reflected wave just downstream of the shock. This strongly reflected
downstream traveling wave is then interfered with by the upstream
traveling wave from the exit. It is this kind of superposition of the
two, almost identical in amplitude but in opposite direction, travel-
ing waves that creates the standing wave with multiple nodes and
antinodes, including one pressure antinode at or close to the shock
and a node close to the exit. The distance between a node and an
antinode depends very much on the resonant frequency.

In the transonic or low supersonic flow condition, the subsonic
domain inside the boundary layer is large enough to accommo-
date these acoustic traveling waves creating azimuthal coherent
downstream traveling waves to interfere with the upstream trav-
eling waves from the exit. In the high supersonic flow condition, the
subsonic domain inside the boundary layer upstream of the shock is
too small to allow the existence of acoustic coherent waves. The vis-
cous sublayer damps out or attenuates significantly the amplitude of
the acoustic waves. For this reason, any disturbance in the boundary
layer upstream or downstream of the shock has a significant influ-
ence on the existence of or damping to the resonance phenomenom
inside the nozzle.

According to the conservation of linear momentum, a totally re-
flected wave can be generated only if there exists a momentum from
the shock to the acoustic wave equivalent to two times the magni-
tude of the momentum from the wave to the shock. Because any
subsonic disturbance downstream of the shock can not travel up-
stream through the supersonic domain for a reverse in momentum,
it is, therefore, not probable to have a strong wave reflection at the
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shock surface in the case where upstream of the shock is a super-
sonic flow. This supports the proposed mechanism that the acoustic
wave downstream of the shock has to propagate through the sub-
sonic domain close to the wall upstream of the shock for a strong
wave reflection to take place.

Other effects such as the curvature of shock and multishock dis-
sipation could play a role in the damping of the resonance phe-
nomenom but will not be discussed further.

B. Induced Shock Motion

We begin the second part with a shock motion induced by a
pressure fluctuation downstream of the shock. This forms the up-
stream boundary condition of the subsonic domain, downstream
of the shock, which will be analyzed with the principle of energy
conservation. Because of the approximation involved, most of the
results shown in this part of the study are valid only for supersonic
or hypersonic flows where M 12 > 1.

Consider a periodic pressure fluctuation just downstream of the
conical shock with an amplitude of ¢ Pyy. The pressure downstream
of the shock can be given as, according to Eq. (4),

P, = Pyl + esin(wt)] a7y

An induced periodic motion of the shock can then be approximated
by a simple harmonic motion with a displacement of the shock Ax
about its mean location x, written as

Ax = —Ax,, sin(wt + ¢) (18)

The negative sign means that Ax decreases with an increase of P,.
The shock velocity is, therefore, given by

¢ = —wAx,, cos(wt + @) (19)

At a finite frequency with the shock speed ¢ assumed to be of the
order ¢, which can be confirmed a posteriori in the solution, hence
at any time during the motion, ¢ < u; or u,. Under this condition,
one can transform this unsteady problem into a steady one by a
Galilean transformation where the flow velocity is relative to the
shock velocity c. The continuity, momentum, and energy equations
become

o1y —¢) = pa(us —¢) (20)
Pr—Py=pi(u —c)- (ur —uy) @2n
i+ @ —e) [2=¢, T+ (2 — ) [2 (22)

At a very high frequency such as 500 Hz for the conical nozzle test
case condition to be shown later, the acceleration effect in the shock
motion becomes significant, and the assumption ¢ < u; may not be
valid because the shock speed is approaching to the magnitude of
u,. The range of frequency considered for the validation of this test
case is from 0 to 200 Hz.

Solving these equations to a first-order approximation in terms of

¢/uyg gives
2
o(c—2> 23)
L3

P, 2yMi—(y -1 2 2
_2:)/1—()/) 1__c +0 c_z (24)
P y +1 Uy uy,

2yl yt+lc

T 2y Y U

as M?>> 1. This shows the same result of the shock speed influ-
ence to the pressure ratio at the shock as reported by Nixon!® and
Tijdeman'? for the analysis of unsteady transonic aerofoils. To con-
nect the reservoir conditions to the supersonic flow just upstream of
the shock, we employ from the standard formulas

Pr/P = {141 - D/2m)" " (25)
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This problem is uniquely defined provided there is an equation to
relate the geometry and the nozzle flow. For a quasi-one-dimensional
nozzle, the area ratio is related to the supersonic Mach number just
upstream of the shock,?

A*/A =[(y + 1)/2](y+l)/2(y—1)

XM1{1+[()/— 1)/2]M12}*(}/+1)/2(V*1) (26)

Substitution of Egs. (17-19), (25), and (26) into Eq. (24) and
posing a first-order perturbation for P; and M; in terms of ¢ yield
the following set of shock movement equations:

Ax Xotan6 + r* -1 4
N e b EL A |
X0 de tan 6 MIO

geometry (G)

2+ o - o, y +1 Py
—2y Mo 2M3, —y —3) P

reservoir (R)

(y + DMy
2+ (y — M},

pressure behind shock (P)

Uy ¢
shock velocity

X [sin(zn 1) — 22 Ax,, cos(2m ft + ¢)] +0@EY @27)

A g cos(®)(GRP) + O(?) (28)

X0
2\
cos(—¢) = 1/\/{(2nf)2<u—> (xoGRP)? + 1} (29)
10

as M7, >> 1. Here d is a geometrical number for dimension with
d =2 for three dimensions and d =1 for two dimensions. All of
the unknowns with a subscript O are either given or steady variables
that can be calculated from the standard formulas.?’ Equations (19),
(28), and (29) show that the maximum speed of the shock is of the
order ¢ as assumed, where

Cor = 270 f AX,, = e[ugg sin(—¢) /2] (30)

Equation (29) shows that the phase angle is independent of the
amplitude of the pressure fluctuation and its asymptotic value is a
phase lag of 90 deg. Furthermore, the magnitude of the shock motion
decreases inversely proportional to frequency. These are exactly the
same results as in the transonic periodic shock oscillations on a
rigid airfoil based on transonic potential theory.!® Based on these
equations, one can plot the trajectory of the shock motion against
the pressure variation in front of and behind the shock as shown in
the CFD validation section.

C. CFD Validation for Induced Shock Motion
Geometry

A two- or three-dimensional (axisymmetric) conical nozzle is
valid for this theory. For the benefit of a minimum computational
cost, a two-dimensional conical nozzle is taken for the validation
of the theory with inviscid calculations from CFD. To simulate
the chamber and boundary conditions similar to the S6 contoured
nozzle,*?! the conical nozzle is designed to have a length of 2.55 m
with a conical shock at Mach 5.54 located at 1.9 m from the throat.
The wall angle is 24.0 deg.

Test Case Conditions

The medium fluid is a perfect gas with a specific heat capacity
ratio of 1.4. The chamber stagnation pressure is 21 bar. The stagna-
tion temperature in the chamber is 300 K. The ambient pressure is
0.77 bar with a fluctuation of 4.5 and 9% of the ambient pressure in
amplitude and a range of frequency of 2-208 Hz. The nozzle wall
is assumed adiabatic and rigid in the computations.

Computational Grid

Coarse and fine grids are generated to find an optimal grid for
time-accurate computations. In addition, a long grid is generated to
extend the external boundary condition farther downstream to test
its sensitivity to the solution.

Methodology

The numerical computations are performed with the time-
accurate two- or three-dimensional Navier—Stokes CFD code EU-
RANUS, developed by the Aeronautical Research Institute of Swe-
den FFA.? Different numerical schemes are available; in the present
computations, the symmetric Harten/Yee scheme has been used for
its ability to resolve shocks, shear layers, and boundary layers with
high accuracy. The time integration is fully implicit coupled with a
multigrid accelerated Runge—Kutta scheme for the convergence of a
solution to a new time level employing the pseudotime approach.?
The accuracy of this code in the prediction of unsteady aerodynam-
ics for base buffeting has been validated.?*

D. Results and Discussion

Figure 2 shows the shock excursion and the wall pressure
variations inside the conical nozzle at a 2-Hz external pressure
fluctuation.

The pressures just upstream and downstream of the conical shock
compare well with the quasi-one-dimensional theory. This is a quasi-
steady case, which gives an almost linear variation of the pressure
behind shock at different locations in the cycle. This is repeated for a
large range of frequencies, some of the results from which are shown
in Figs. 3 and 4. Some of the CFD results presented here have been
reproduced by another CFD code with different numerical schemes.*

Similar to the pressure distribution shown by Sajben,'> one can
draw an ellipse for the variation of the pressure behind shock at each
frequency as shown in Figs. 3 and 4. It can be seen the predictions
from the theory match closely with the computations. The maximum
shock excursion takes place at around 45 Hz. For this reason, we test
grid convergence at this frequency, and the result shows a difference
of less than 1% as shown in Fig. 3.

Figure 5 shows a summary of a comparison between the the-
ory and CFD results. It consists of frequency vs the phase shift
between the shock movement and the pressure fluctuation behind
shock, the maximum shock speed, and the maximum shock excur-
sion. Figures 5a and 5b correspond to two different external pressure
fluctuations, where 3 are 0.09 and 0.045, respectively. At this stage,
the variation of ¢ against frequency behind shock is provided by CFD
simulations. However, it can be shown at a later stage that the com-
parison in the variation of ¢ against frequency between the results
predicted by the theory and CFD shows good agreement. As shown
in Fig. 5a, the fine grid solutions at 45 Hz are superimposed on the
coarse grid solutions. The maximum discrepancy between the theory
and CFD data is less than 15%, which takes place around the maxi-
mum pressure fluctuation with a value of ¢ around 0.25. Note again
that this is a perturbation analysis, which is valid for a small pertur-
bative parameter with a magnitude of around 0.10. To demonstrate
this argument, the same set of computations is repeated with half of
the external pressure fluctuation amplitude as shown in Fig. 5b.

Figure 5 shows that the parameter ¢ for the pressure fluctuation
behind shock is finite at a resonant frequency (fundamental mode)
of ~50 Hz. However, based on the one-dimensional wave equation
augmented with a strong standing wave, the prediction of the am-
plitude of ¢ is infinite at a resonant frequency (fundamental mode
m = 0) of around 150 Hz with L = 0.5 m. This indicates that there
is some kind of damping in the subsonic domain that is not cov-
ered by the one-dimensional wave equation as discussed earlier for
the dual-oscillator concept. In the latter part of this study, it will be
shown that the damping effect comes mainly from the interaction
and correlation between the compressibility and the velocity in the
subsonic domain that the one-dimensional linearized wave equation
has neglected.

Furthermore, the strongly reflected wave model assumed in the
standing wave solution may be incorrect for this kind of high su-
personic or hypersonic nozzle flow. It will be shown that a weakly
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Fig. 4 Wall pressure variations at 200 Hz.

reflected wave model is a relatively more appropriate solution than
the strongly reflected wave model. The strong acoustic standing-
wave resonance is unlikely to take place but will be overcome by
a relatively weak resonance as a result of the phasing in the con-
vective energy transported between the energy dissipation due to
the shock movement and the energy supply due to external pressure
fluctuations.

III. Energy Conservation Principle

The principle of energy conservation is applied to balance the
energy contributions over a cycle period from convection, external
pressure work, and storage in the control volume, as shown in Fig. 6.

The control volume partially covers the supersonic flows, up-
stream of the conical shock, and the whole domain of the subsonic
flows, downstream of the shock, down to the nozzle exit. At the
nozzle exit, there is external pressure work (mechanical) against the
subsonic flows. In addition, an energy exchange due to mass trans-
fer (convection) takes place across the control surfaces at both the
inlet and outlet of the control volume. Stored energy in the control
volume consists of two parts. The first part considers the energy
dissipation as a result of the periodic shock movement (linear oscil-
lator). The second part considers the energy storage and dissipation
in the subsonic flows as a result of the wave transfer between the
shock and the external pressure at the nozzle exit. In fact, this is the
part that requires the solving of the perturbed unsteady continuity
and momentum equations, from which the energy based on the inter-
actions among the local pressure, density, and velocity at the nozzle
exit can be evaluated. It will be shown that these interactions at the
exit form the core ingredient for the existence of resonance in the
subsonic domain. Heat exchange through thermal conduction is not
considered in this inviscid flow condition. The solid wall is assumed
rigid and in an adiabatic condition. We shall consider the perturba-
tive energy contribution from each form of the energy exchanges
mentioned for one cycle period. Most of the perturbative param-
eters are presented in first-order accuracy. However, second-order
terms from each parameter, based on the linear oscillator hypothesis,
have been taken into account in the integration for the perturbative
energy assessment.

A. Energy Storage
Periodic Shock Motion

The energy dissipated by the periodic shock motion can be ob-
tained from the energy supply just downstream of (behind) the
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shock, by integrating over a period the pressure work done across
the shock,
1/f
AE = / (P — Py)Acdt 31)
0

Posing the pressure and the Mach number as the sum of its mean
and its perturbed component gives

Py = P+ AP, Py = Pyy+ AP, My = M+ AM,

(32)

Then substitution of Egs. (17) and (32) into Eqgs. (24) and (25) yields

MijyAM
Y Mo 1 . +O(82) 33)

AP[ - —Pl()
L+ [(y — D/2]Mj,

AP, = _+DPo |:e sin(wt) + 2—6] + 0% (34
[ZMfO—y —3] Ui

Substitution of Egs. (17-19), (32), and (34) into Eq. (31) leads to
the energy dissipation,

AE = [8/(y + DI’ f (Ax,)* + O[ (7 / M},). €] (39)

This is similar to the energy dissipated by a transverse string wave
or a longitudinal spring periodic motion, 2721y f (Ax,,)?. The dif-
ference in the coefficient is attributed to the correlation between the
mass flow and the specific kinetic energy through the shock, which
depends on the shock velocity, whereas in the longitudinal spring,
the mass is a constant. Equation (35) shows that the perturbative
stored energy is positive, which implies that some additional energy
has been extracted from the dissipated energy due to the shock pe-
riodic motion and transferred to the convective energy downstream
away from the shock.

Subsonic Domain

This is the second part of the energy storage contribution, which
is essentially based on the variations of the static and dynamic pres-
sures within this subsonic domain. To have a rigorous assessment
on these two quantities, one has to solve the perturbed unsteady
continuity and momentum equations as

ap ap ou p[0A 0A
ot " "ax TP Talar Tox (36)

ou u P

& =0 37
o ox (37)

pix
Equations (36) and (37) are the general inviscid unsteady continuity
and momentum equations for quasi-one-dimensional flows in which
the cross-sectional area A can vary along the flow direction x as well
as in time ¢ (Refs. 18 and 25).

Let us start with the momentum equation by posing each of the
local flow variables as the sum of its mean and its perturbed com-
ponent so that

p = po+ Ap, u=uy+ Au, P=Py+ AP (38)
Substitution of Eq. (38) into Eq. (37) yields a first-order perturbed
unsteady momentum equation,

IAP _ Ap P

A RIUZYA
o, d(uoAu) + — (39)

ot ax podx  p? ox

However, from the isentropic flow relations,?’ the mean value
(steady flow) of the density, pressure, and velocity in the subsonic
domain can be expressed as

P (P ’ (40)
Pso 030
Yy -1
po (24— DML\ “h
P30 24 (y — HM3,
Uy p30430 (42)
uszo 020420

Because M220 and M320 are, in general, small quantities < 1, one can
approximate these mean values to a good degree of accuracy as

P20 = P30, Anoltag X Azoltso, Py~ Py (43)
Equation (43) implies that the perturbed unsteady momentum

Eq. (39) is asymptotic to

dAu  d(upAu) dAP
+——+

— =0 (44)
ot ox 0£200X



The next step is to pose a general periodic solution for Au that,
for a wave traveling upstream towards the shock, can be of the form

Au = —[A cos(wt + kx) + B sin(wt + kx)] 45)
where the local speed of sound is given by
a=w/k+u (46)
or, for a wave traveling downstream toward the nozzle exit,
Au = —[C cos(wt — kzx) + D sin(wt — k;x)] 47
where the local speed of sound is given by
a=w/ks— Uy (43)
or a combination of both. The unknown constants A, B, C, and D
can be found by satisfying the boundary conditions.
The velocity just behind the shock can be evaluated from the

Galilean transformed continuity, momentum, and energy equations
(20), (21) and (22), respectively, which yield

2¢ y —14+2/M} e
U, = =+ / 10u1+0 - (49)
y+1 y+1 M,

Substitution of u; =uy + Au, and u; =uyo+ Au,; into Eq. (49)
gives

Auy =2¢/(y + 1) + O(1 /M3y, & | M) (50)

This is the upstream velocity boundary condition for Au.
For a wave traveling upstream toward the shock, Eq. (45), satisty-
ing the upstream boundary condition Eq. (50), yields the coefficients

A = [20/(y + D]AXx,, cos($)
B = —[20/(y + )]Ax, sin(¢) (51)

and, similarly, for a wave traveling downstream toward the nozzle
exit, the coefficients are

C = [20/(y + 1)]Ax,, cos(¢)
D = —[20/(y + 1)]Ax,, sin(¢) (52)

In general, a feasible combination of the two traveling waves de-
pends on the strength of the wave reflection inside the nozzle, which
in turn determines the upstream condition at the nozzle exit. In the
case of a strongly reflected wave traveling downstream, which can
interact with or superimpose on the upstream traveling wave to form
astanding wave, and if the resonant frequency is low, the streamwise
length scale for the transition between the outflow condition just up-
stream of the nozzle exit and the downstream external flow condition
could be significantly extended beyond the compact region'® (which
is the connection between the nozzle exit and the abrupt widened
open space) at the nozzle exit. On the other hand, a weakly reflected
wave traveling downstream cannot form a standing wave, and the
superimposed wave is asymptotically close to the upstream traveling
wave. The effect from the compact region in this case is, therefore,
relatively insignificant to the flowfield inside the subsonic domain.
In both cases, the amplitude of the wave depends on, among other
things, the shock excursion length Ax,,, which in turn depends on
the frequency as well as the amplitude of the external pressure fluc-
tuation. This indicates implicitly the influence of the downstream
boundary condition on the solution of the acoustic wave propagation
in the subsonic domain.

We shall consider the solutions of these two extreme cases and
compare them with the corresponding numerical solutions from
CFD, the same code employed and described in the validation
section.
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From Eqgs. (45), (47), (51), and (52), the strongly reflected wave,
superimposed on the upstream traveling wave, forms

Au = —[20Ax,, /(y + D]cos{wr + ¢ + [(k — kq)/2]x}

x cos{[(x + Kk4)/2]x} (53)

This is a standing-wave equation for the perturbed velocity with
an amplitude varying with the location in the subsonic domain.
Substitution of Eq. (53) into the perturbed momentum equation (44),
subject to the boundary condition at the shock, Eq. (4), yields the
perturbed pressure in the subsonic domain,

AP = Pyesin(wt) — [2wAx,, /(y + 1)]pxa sin

x{wt + ¢ + [(k — ka) /2] K[ (k + Kq)/2]x} sin (54)

where a is the local speed-of-sound defined by Eq. (46) or (48).
Similarly, from Egs. (45) and (51), the weakly reflected wave,
superimposed on the upstream traveling wave, is asymptotic to

Au = —[2wAx,,/(y + 1)]cos(wt + ¢ + kx) (55)

which is not a standing wave but traveling wave for the perturbed
velocity with an amplitude independent of the location in the sub-
sonic domain. Likewise, with a substitution of Eq. (55) into Eq. (44),
subject to the boundary condition at the shock as given earlier, the
corresponding perturbed pressure in the subsonic domain is

AP = Pyesin(wt) — [4dwAx, /(y + 1)]

x pyoa sinfwt + ¢ + (k/2)x] sin[(x /2)x] (56)

Both Egs. (54) and (56) show that the amplitude of the perturbed
pressure in the subsonic domain depends on the location inside
the domain, which is a characteristic of a standing wave. Despite
the significant differences in the perturbed velocity for each case,
the resultant perturbed pressure shows similar behavior, but with
a different phase and amplitude at each location in the subsonic
domain. Compare A P from the Egs. (54) and (56) with Eq. (13) from
the one-dimensional wave equation crude approximation, which,
together with Eq. (43), can be rewritten as

AP = egPysin{wt + [(k — kg)/2]x} cos{[(«x + k) /2]x} (57)

It can be seen, as expected, that Eq. (57) is closer to the strongly
reflected than to the weakly reflected wave solution. However, the
phase angle ¢ is excluded in the crude approximation solution. This
is attributed to the linearization in the continuity and momentum
equations forming the one-dimensional wave equation, which is a
crude approximation to this problem with a strong mean flow. The
discarded nonlinear velocity terms remove the phase shift effect be-
tween the shock movement and the pressure behind the shock. At
low frequencies, where ¢ =~ 0 and all of the wave numbers are small,
all of the solutions are approximately the same. It is reasonable to
conclude that the one-dimensional wave equation crude approxi-
mation for this supersonic or hypersonic nozzle flow is still valid
in a low-frequency range where the first term in Eqs. (54) and (56)
dominates.

Moreover, if the mean velocity in the subsonic domain is small
compared to the local speed of sound, which is usually the case
particularly when viscosity is taken into account, k¥ = k4, the shock
speed has to be low because it can not be larger than the local mean
velocity behind the shock. As a result, the frequency is low, and the
solution of the strongly reflected wave model, Eq. (54), is asymptotic
to the linearized crude approximation, Eq. (57).

Now we focus back on the nonlinear solutions and compare them
with the CFD solutions. In this way, we can understand better which
model should be taken for further development in our analysis and
what mechanism should be proposed a posteriori to fit with the
model. The comparison follows the path of variation at different
times of a cycle inside the subsonic domain for Au and A P. Figure 7
shows the comparison in Au at 45 Hz, and in A P at 200 Hz, with
the weakly and the strongly reflected wave models.
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Fig. 7 Comparison of Au and AP in wave models: O, weakly reflected
and @, strongly reflected.

Both models show good agreement with the CFD solutions in the
vicinity of the shock at all of the chosen frequencies: 45, 100, and
200 Hz. This is because of the upstream boundary condition imposed
in the solutions. As the solutions evolve downstream away from the
shock, they deviate from each other significantly, especially at high
frequencies. This is because the wave number is getting bigger as
the frequency goes higher. As a result, the discrepancy in the wave
number term, which is the main difference between the two models,
is big enough to have a significant effect on the angle. Moreover, as
the location is farther away from the shock, the discrepancy in the
wave number is multiplied by the displacement away from the shock.
This is the reason why the significant differences are shown clearly
in the high-frequency range. There is some degree of undulation in
the prediction from the theory at 45 Hz. Because the perturbation ¢ is
largest at around 45 Hz, as shown in Fig. 5, the undulations in the so-
lutions from the quasi-one-dimensional model come mainly from &2,
the second-order effect. This comparison suggests that the weakly
reflected wave model is a more appropriate model for this problem.

Before we move on to apply this model to solve the perturbed un-
steady continuity equation (36), the physical meaning of the weakly
reflected wave model is discussed.

The model assumes virtually no reflections as the disturbance Au
propagates upstream toward the shock. There are two mechanisms
for a wave reflection to take place. The first one is when the dis-
turbance hits the shock within the shock excursion range where the
shock velocity is virtually zero compared with the local speed of
sound. The second one occurs during the disturbance propagating
upstream toward the shock against the outflow from the gradually
narrowing nozzle.

As discussed for the dual-oscillator concept, for the first mech-
anism to create a reflected wave, according to the conservation of
linear momentum, it is necessary for the subsonic disturbance to
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transmit a perturbed momentum upstream through the virtually sta-
tionary shock into the supersonic domain for a reverse in momentum,
which is not possible. The shock moves to a new location in a man-
ner associated with the phase angle to accommodate the influence
from the change of the downstream pressure to the shock.

For the second mechanism to create a reflected wave, according
to the linear theory of acoustics in a noncompact region,'®'® which
is the case for a gradually narrowing nozzle, the variation of the
speed of sound, or/and the acoustic admittance or its gradient, in the
streamwise direction must be significant relative to its local value.
The acoustic admittance is a measure of the reciprocal of resistance
or impedance and is defined as

volume flow in direction of propagation

58
pressure excess (58)

The speed of sound varies within 5% of its mean value and has in
the worst case only one cycle in the subsonic domain. Its gradient
relative to its local value is, therefore, insignificant. The variations
of Y and its gradient in the subsonic domain are reasonably smooth
except at the nozzle exit where the disturbance starts to propagate
upstream toward the shock. Equally, the steep gradient of Y at the
nozzle exit indicates that certain degree of wave reflection with a
momentum equal and opposite to the entering external wave must
have taken place there and is traveling downstream away from the
nozzle exit. As a result, there is an abrupt change in A P at the exit,
which will be implemented in the theory for the convective energy
assessment at the exit. This abruptness or discontinuity in A P at the
nozzle exit does not influence significantly the continuity of other
flow parameters at the exit as shown by Lighthill'® and Batchelor.?

To justify quantitatively the smoothness requirement on Y and its
gradient in the streamwise direction, the following formula based
on the linear acoustic theory'® can be employed:

E=1[c/c; =30 /Y)+ Y /Y ]Y /Y (cr/w)*  (59)
where E is a measure of the smoothness requirement and is <1 for
an insignificant wave reflection to take place inside a noncompact
subsonic domain. In our problem, the most probable frequency for a
significant wave reflection to take place inside the subsonic domain
is at around 45 Hz, and E is ~0.2.

Based on this linear acoustic theory, we can conclude that the
existence of a reflected wave inside the subsonic domain is of a
second order in magnitude, £2, which is in general small except in the
resonance case at around 45 Hz. Here the second-order effect could
be significantif ¢ is not < 1. It may be important for a nozzle designer
to be aware that the existence of a strong wave reflection inside a
subsonic domain increases significantly as a result of a significant
value in E if the nozzle contour or its gradient is not smooth enough,
or the nozzle angle is not shallow at all. These factors, among others,
enhance the likelihood of creating an unwanted strong standing wave
inside the nozzle. On the other hand, Eq. (59) shows that itis unlikely
to have a strong reflection and, consequently, a strong standing wave
at a high frequency, provided that the gradients of ¥ and ¢ are small.
In the experimental scale, these gradients may be not small and,
hence, provoke a strong reflection to occur at a high frequency.

We are now in a position to solve the perturbed unsteady conti-
nuity Eq. (36). Substitution of Egs. (38) and (43) into Eq. (36), in
addition to the condition of a rigid wall such that 904 /9t =0, yields
a first-order perturbed unsteady continuity equation,

0Ap N AP n 0Au  AudA 0 60)
u — —_— —_— =
ar M TP\ Tox T A ox
where
10A  d
Aodx xo+x

for a large area-ratio (>>1) nozzle. We shall employ the weakly
reflected wave model, Eq. (55), for the perturbed velocity in Eq. (60),



which becomes

dA A 20AX,, , 2k sin(2
080 | g 20P _  20B5nPI ot 4 ko) SRR
at ax y+1 [1+ (x/x0)]
£
— cos(wt X ol —, ¢ 61
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where « and its space derivative are taken in a mean value form
in this first-order estimation because Ax,, ~ O(g). The sin(2kx)
factor in the first term is to satisfy the boundary condition at the
shock shown later, and the derivatives of Ap are dominated by the
second term. In addition, this factor together with the attenuation
factor, (1 4 x/x¢)?, take into account the variation of x in space that
controls the turning points of Ap in space. This attenuation factor for
Kk is purely a consequence of changing in the cross-sectional area
and has been observed and confirmed by CFD evaluations in the
mean value of « in the subsonic domain. In general, downstream
away from the shock, kx varies weakly with respect to time and
space, and its derivatives can be regarded as a second-order effect.

From the continuity, momentum, and energy (20), (21), and (22),
together with the condition of a constant mass flow rate in the super-
sonic regime, the upstream boundary condition of Ap just behind
the conical shock can be shown to be

Apy = —px(AAy/Ax) + O [ M) (62)
For a large area-ratio nozzle, Eq. (62) can be simplified as
Apy & —(pdAx/xg) = (p20d Ax,, [xo) sin(wt + ¢) (63)

A first-order approximate solution to the Eq. (61), as x < xy, is
given by

_ 20Ax, 020
o+ |«

2 sin(2kx) d (1 +x/x0) }
a —ug)(1 4 x/x0)* ug

dAx, .
x cos(wt + ¢ + kx) + el sin(wt + ¢) (64)
X

(i
where a is the local speed of sound as defined by Eq. (46). Figure 8
shows a comparison of Ap with the CFD results at the resonant
frequency of 45 Hz. In general, the gradients of Ap or phases from
the theory are in reasonable agreement with the CFD prediction.

The perturbative stored energy inside the subsonic domain in one
period of the cycle is given by

L/ 1/f
AE, = |:/ (; + e),oA dxi| (65)
0 0

where the difference of the stored energy at two different times
separated by a period is evaluated and e is equivalentto P /p(y — 1)
for a perfect gas. Substitution of Egs. (38), (55), (56), and (64),
corresponding to the weakly reflected wave model, into Eq. (65)
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Fig. 8 Comparison of A p with a weakly reflected wave model.
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yields
AEgy = O(e? [ M}y, ) (66)

as expected intuitively because all of the perturbative parameters
in the magnitude of O(¢) are found to be periodic from the theory.
Nevertheless, all of the efforts to form Au, AP, and Ap are not
wasted because we shall need these equations to evaluate the con-
vective energy due to the mass transfer through the control surfaces
at the inlet and outlet of the control volume as shown later.

It can be concluded from this analysis that the energy storage for
a cycle period within the defined control volume consists of mainly
the energy dissipation through the periodic shock movement. For a
cycle period, the subsonic domain contains no net energy storage and
acts basically like an energy conveyer transferring the perturbative
stored energy upstream and downstream between the shock and the
external pressure at the nozzle exit.

B. Convective Energy

At the inlet of the control volume, the flow is supersonic and,
hence, steady. For this reason, there is no contribution to the pertur-
bative convective energy from the mass transfer through the control
surface at the inlet.

At the outlet of the control volume, the convective power can be
evaluated as

(Ec/myyis = {[y /(v — DI(Ps/ps) + (43 /2) } psAsus  (67)
where E./mj is the specific convective energy at the nozzle exit.

Substitution of the perturbative terms

Py = Pyo+ AP;, uz = uzy + Aus, 03 = P30 + Aps

(63)

into Eq. (67), in addition to a time integration over a cycle period,
yields the perturbative convective energy as

1/f
AEL:/ 4
o Vv—1

&2
X (u30Au3 Aps + ,030(Au3)2) dr + O(M_ﬁ)’ 83) (69)

3
A3 AP3 Au3 + §A3u30

The first term comes from the external pressure work that is associ-
ated with the internal energy in the convection. The second term is
due to the interaction between the perturbed density and velocity, in
which their relative phase difference plays an important role. This
term determines the perturbative correlation between the mass flow
rate and the specific kinetic energy. The third term comes from the
perturbative kinetic energy in the convection.

We employ the solutions from the weakly reflected wave model,
Eqgs. (55), (56), and (64), for Aus, A Ps, and A ps, respectively. A P;
has acquired the correct phasing from the weakly reflected wave
model, but its amplitude has to be adjusted by a factor of €3p/¢
because of its discontinuity at the nozzle exit as discussed earlier.
The solution of Eq. (69) becomes

2 o AX,,
AE, = Ty E30MoLAXy
yi—1 My

N sin(¢p +« L) 87 fAx,, sin’(xL/2)
y y+1 e

external pressure work

usod sin(k L) 4 f

3T . 2
+—m Axm
o o(Axy) {

X y+1
2a,0 M3 sin(2k L
% ax Mz sin(2« L) + la(s)
(az0 — u3zp)s
density-velocity interaction

1272 2
R BN +O<8—2, e3> (70)
y+1D M,

kinetic energy
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and
s = (1+ L/xp)* (71)

where &30 and ¢ are the amplitudes in the pressure variation relative
to the mean pressure (relative pressure amplitude) at the nozzle exit
and at the shock, respectively. When the perturbative convective
energy, Eq. (70), is compared with the perturbative stored energy,
Eq. (35), it can be seen that the distance between the nozzle exit and
the shock, L, and the Mach number in the subsonic domain play a
significant role in the convective energy, but not at all in the stored
energy in this inviscid theory.

C. Resonance and Damping

We are now in a position to sum up all of the perturbative energies
considered earlier for one period of cycle. According to the principle
of conservation of energy, the sum of the perturbative stored energy
and the perturbative convective energy is zero. Hence,

AE, + AE. =0 (72)

From Egs. (35) and (66), we learn that the perturbative stored energy
is essentially the energy dissipated by the periodic shock motion.
Equation (72), therefore, has the following implication: Any amount
of gain in the energy dissipated by the periodic shock motion is com-
pensated by the same amount of loss in the perturbative convective
energy at the nozzle exit.

Because of the periodic terms in the perturbative convective en-
ergy, as shown in Eq. (70), this together with Eq. (72) lead us to
deduce that, in the periodic shock motion, resonance takes place
when the perturbative convective energy is a minimum, whereas
damping occurs during the transition in the perturbative convective
energy from a minimum to a maximum. This process of resonance
and damping behaves like a Bessel function that is oscillatory with a
diminishing amplitude as frequency increases. The diminishing am-
plitude of the periodic shock motion, Ax,,, as frequency increases
is attributed to the phase angle factor, cos(¢), as shown in the shock
displacement equations (28) and (29).

To confirm this deduction, we can substitute Egs. (35) and (70)
into Eq. (72) so that ¢, the relative pressure amplitude at the shock,
can be expressed in terms of €3, the relative pressure amplitude at
the nozzle exit, as

2y &3 —an sin(¢p + kL) 8nf . ,(KkL
&= —_— + sin“| —
y —1 My \ | yxo(—GRP)cos(¢p) y +1 2

3uspd sin(k L)
| 22202
Xo

+471f{2+DV}1|) (73)

where DV stands for the terms generated by the perturbative inter-
action and correlation between the density and the velocity and can
be expressed as

DV — 3 { 1— [2a20M30 Sll’l(zKL) T ﬂn(s)il } (74)
y+1 (ax — uzg)s

The first term in Eq. (74) represents the contribution from the pertur-

bative kinetic energy, and the other terms come from the perturbative

mass flow rate.

Equation (73) is plotted vs frequency as shown in Fig. 9, where
the curve of pressure—velocity work represents the numerator of
this equation and the curve of density—velocity interaction repre-
sents the denominator of the equation. It can be seen that the strong
nonmonotonous variation of the DV term in Eqs. (73) and (74)
determines the maxima and minima of ¢, the relative pressure am-
plitude at the shock, which is shown in Fig. 10 vs the frequency.
The top and bottom curves represent the variation of the relative
pressure amplitude at the shock vs frequency with the relative pres-
sure amplitudes of 0.09 and 0.045 at the nozzle exit, respectively.
The bottom curve with a smaller relative pressure amplitude at the
nozzle exit, showing a better agreement with the theory, suggests
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that the discrepancy between the theory and the CFD results is at-
tributed mainly to the effect of the second-order terms ignored in the
theory. The same remark is applied to the comparison between the
theory and the CFD results in the shock excursion against frequency
as shown in Fig. 10. Despite of the deficiency of the higher-order
terms, the theory predicts the resonant frequency very close to those
from the CFD results.

Based on this inviscid perturbative approach, it can be concluded
that the phenomena of resonance (maximum) and damping (mini-
mum) in the pressure amplitude just behind a periodic shock motion
is a consequence of the corresponding loss and gain in convective
energy in the subsonic outflow, which is governed mainly by the
correlation between the compressibility and the flow velocity. More-
over, Eq. (73) shows that the amplification of the perturbed pressure
behind shock, which is measured by the ratio € /30, is independent
of the amplitude of the external pressure fluctuation. This result has a



significant influence on the experimental setup, pressure transducer
measurement, and data evaluation because in practice it is very un-
likely to have a constant amplitude of external pressure fluctuations
at all frequencies as demonstrated by Torngren.'!

IV. Range of Applicability

A. Areas
Nonlinear Oscillator

Only first-order terms are considered in the perturbative quasi-
one-dimensional model presented. For a better accuracy in the pre-
diction, second- or higher-order terms should be included in the
analysis, but would be very tedious. Based on the first-order ap-
proach, the assumption of a periodic shock motion (linear oscillator)
matches reasonably well with the CFD results. However, it is very
probable that the oscillator is nonlinear in the second-order terms,
which could become significant, especially for the case with a large
cone angle. The oscillator sweeps across a divergent or convergent
area in its periodic excursion along the cone axis of symmetry. The
difference in the swept area between the two halves of a cycle in a
periodic motion becomes significant as the cone angle increases.

Acceleration Effect

At a low frequency, the acceleration effect is still insignificant so
that the maximum shock speed is one order of magnitude smaller
than the upstream velocity just in front of the shock. At a high
frequency, where the shock speed is comparable with the upstream
velocity, the Galilean transformation application is no longer valid.
It is important to make sure that the range of frequencies considered
are within the shock speed limit applicable for this theory.

Viscous Effect

The significance of the viscous effect to the periodic shock motion
could vary from case to case. It depends on, among other things, the
vortex strength, the skin friction at the nozzle wall, the volume of
the subsonic domain, and possibly the cone angle. These parameters
affect the energy storage in the subsonic domain, which can then
reduce the energy dissipation in the periodic shock motion according
to Eq. (72). In general, it is appropriate to state that, the closer is
the conical shock to the nozzle exit, the less influence is the viscous
effect to the periodic shock motion. In the case where viscous effect
is significant, this theory can still provide an upper bound estimation
in the shock excursion.

In general, the energy transfer in the boundary layer upstream of
the shock is relatively small compared with the energy storage in
the subsonic domain downstream of the shock. The viscous effect
upstream of the shock is, therefore, relatively less important to the
periodic shock motion; however, it does affect the location of the
conical shock but to an extent that is negligible compared to L or
the shock excursion considered in this theory. This may be regarded
as the Reynolds effect where turbulent shock-wave/boundary-layer
interaction plays a major role. It is beyond the scope of this paper to
discuss this interaction, and because the objective of this theory is not
for the prediction of the location of the shock but rather its excursion
due to the external pressure fluctuation, this kind of interaction is
not considered as a critical issue for this theory, at least from the
energy storage point of view.

In practice where viscous effect is significant, instead of using the
standard table? for inviscid flows, one can extract the mean location
of the conical shock, x(, from a CFD steady calculation with any
classical turbulence model that can handle attached flow. In the case
where the nozzle is nonconical, as will be discussed, the conical
shock becomes a separation shock that is in general nonconical;
the accuracy in the prediction of xy from CFD, which is in general
more difficult in a separation shock than in a conical shock, does
influence the outcome of the prediction from this theory to a certain
degree as shown in the S6 nozzle example to come.

Tangential Flows
This theory is based on a quasi-one-dimensional approach that
does not take into account tangential flows perpendicular to the
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radial direction other than by changing the cross-sectional area along
the cone axis. For a cone angle of 15 deg or less, the tangential flows
can be regarded as a second-order effect. Beyond this cone angle
limit, the theory has to be modified to accommodate the energy
storage due to the tangential flows in the subsonic domain.

Nozzle End Effect

This effect is also known as incipient separation and takes place
when the separation shock is close to the end of the nozzle. The
separation pressure experiences an anomalous increase instead of a
decrease that is normally the case with a larger local area ratio. In
general, this theory is applied to a conical shock, and approximately
to a separation shock, some distance upstream from the nozzle exit
where the nozzle end effect can be ignored.

Other Effects

There are other important effects not considered in this theory
such as the heat exchange through thermal conduction between the
nozzle wall and fluids, the high-temperature effect to the flow prop-
erties, and the nozzle wall elasticity. These effects should be con-
sidered in a practical engine nozzle with hot flows. However, for
an experimental nozzle with cold flows, such as those described in
Refs. 11 and 21, where the nozzle size is scaled down, the thermal
effects are insignificant.

The mechanical structure of a nozzle has a spectrum of discrete
eigenmodes such as ovalization, pendulum, and bending described
in Refs. 27 and 28, which interact with the flow-induced pressure
fluctuation at the nozzle wall. This kind of aeroelastic instability
could induce buckling and has a significant impact on the separa-
tion shock location, as well as on its response to external pressure
fluctuations. It is beyond the scope of this quasi-one-dimensional
theory to include this three-dimensional aeroelastic instability ef-
fect. This theory can be applied for validation purpose in unsteady
flows, or as a parametric study in the nozzle design where the exter-
nal pressure fluctuation is significant, provided that the aeroelastic
instability is negligible under the flow condition considered.

In a three-dimensional nozzle configuration, any local distur-
bance, such as surface roughness, or asymmetric flow disruption
from the plenum upstream of the shock could suppress entirely the
azimuthal coherence of the unsteady flow. This can affect the wave
reflectivity significantly.

Nonconical Nozzles

Conical nozzles have been employed in the past mainly as small
thrusters in satellites, for example, the ERNO-0.5N thruster. How-
ever, a rocket engine nozzle that covers low and high altitudes is,
in general, contoured to fulfill a competitive constraint in perfor-
mance efficiency. A contoured nozzle can be of many shapes, such
as truncated ideal contour (TIC) or thrust optimised contour (TOC),
depending on the design criteria. In general, a contoured nozzle
has a much more complex flowfield than the conical shock from a
conical nozzle, as discussed by Frey.?

In the FSS case in an overexpanded TIC nozzle where there is a
Mach disk in the center of the core flow, as a first-order approxima-
tion in terms of the energy storage, this theory can still be applied to
the subsonic domain behind the separation shock and the Mach disk.
As mentioned earlier for the viscous effect, for a better prediction
in the shock excursion, it is necessary to estimate how much energy
is stored in this subsonic domain due to the circulation flow behind
the separation shock. The energy convected by the relatively small
volume of supersonic jet as a result of the shock and shear-layer
interaction is assumed relatively insignificant and can be regarded
as a second-order contribution to the energy budget. With exclu-
sion of this viscous effect, which is in practice difficult to estimate,
this theory can still provide an upper bound estimation in the shock
excursion due to the external pressure fluctuation at the nozzle exit.

Similar treatment can be applied to the RSS case, for example,
in the Volvo S1 parabolic nozzle,?! where there is a trapped vortex
in the core flow, and adjacent to it, massive shock-wave/boundary-
layer and shock-wave/shear layer interactions close to the nozzle
wall. The theory can not evaluate the amount of energy consumed
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Fig. 11 Contoured nozzle approximation.

in these interactions but is able to provide an upper bound estimation
in the shock excursion, provided that these interactions take place
in a relatively small volume of the flow.

Before one can apply this theory to a contoured nozzle, it is
necessary to convert the nozzle to a conical nozzle for a correct
estimation of the mean separation shock location x, relative to the
throat of a conical nozzle, as shown in Fig. 11. A tangent is drawn
at x to the contoured nozzle and extended upstream to the location
with the same throat radius as the contoured nozzle. This is an
important approximation to relate the area ratio in a contoured nozzle
to the same area ratio in a conical nozzle.

The accuracy in the prediction from this theory is very sensitive
to the accuracy of the input data that represent the mean flow charac-
teristics. This is especially important for the case of flow separation
with reverse flows, which in general have the significant effect of
reducing the mean velocity u3y and the mean Mach number M3, at
the nozzle exit. Equation (73) indicates that a lower value in both
u3) and M3 renders a larger pressure amplification behind shock
and, consequently, a larger shock excursion. In other words, the flow
separation with reverse flows has a tendency to drive and promote
the oscillations of the shock. This shows the same conclusion as by
Culick and Rogers'* for the response of normal shocks in diffusers.

B. Example of S6 Contoured Nozzle

This is a TIC nozzle with a Mach disk in the center of the core flow
and an oblique separation shock inclined to the nozzle wall under
an ideal FSS condition. Full details of the nozzle can be found by
Torngren.!! It has a shallow exit wall angle and can be approximated
as a conical nozzle as mentioned earlier and shown in Fig. 11.

We shall compare the prediction from the theory with the CFD so-
lutions recently published*® and with the experimental data.!’ Note
that the CFD solutions are based on the S6 contoured nozzle from
the experiment!! but include an extension that scales up to 0.5 m
from the throat of the nozzle. We adopt the configuration from the
CFD because a steady-state solution without any external pressure
fluctuation is required for the input condition in the theory. The
experimental data can be scaled by the theory, which takes into ac-
count the parameters that determine the shock displacement, Ax,,,
as shown next.

The following input data for the theory are based on CFD steady-
state solutions under the external pressure 0.77-bar condition as
stated in Ref. 30 but without any external pressure fluctuation:

1) The mean location of the separation shock, x;, is ~0.35 m,
which is equivalent to 0.70 m from the throat of the conical nozzle.

2) The separation length L is 0.15 m.

3) The mean upstream velocity u ;o is 770 m/s.

4) The GRP factor, for My~ 5, is —0.7.

5) The mean exit velocity u3g is 200 m/s.

6) The mean speed of sound behind shock, ay, is 340 m/s.

7) The relative amplitude of the pressure fluctuation at the exit,
£30, is 0.09.

8) The mean Mach number at the exit, M5, is 0.6.

The experimental data for shock excursion are rather crude be-
cause they have been obtained from just one typical cycle of the
shock movement. Torngren!! measured the shock excursion only at
one frequency, 150 Hz, which, for a pressure ratio (reservoir against
ambient) of ~27, is the largest shock excursion out of the range
of frequencies (40-300 Hz) that have been measured in terms of
pressure correlations between two transducers where one is located
behind the shock and the other one is outside the nozzle in the
freestream. Moreover, the experiment excites a pressure fluctuation
of 6% in the freestream instead of 10% of the ambient pressure as
taken in the CFD calculation. In the input data, we have taken 9%
to take into account the drop in the amplitude of the mean pressure
fluctuation from the freestream to the nozzle exit, as predicted in
the CFD calculation.

To extrapolate the experimental data to the CFD condition, it is
necessary to recall the theory in the induced shock motion, where
the shock displacement is given by

Ax,, /xg = —& cos($)(GRP) + O(e?)

where ¢ is linearly proportional to the relative amplitude of the pres-
sure fluctuation at the nozzle exit, €39, as shown in Eq. (73). For a
pressure ratio of ~27, the factors in parentheses, GRP, are approx-
imately the same for both cases because M7, >>> 1 as shown in the
shock movement equation (27). Hence, the experimental data should
be adjusted by the factors corresponding to the change in ¢, x, and
cos(¢). The first factor of adjustment is, therefore, approximately
the ratio of the relative amplitude of the pressure fluctuation at the
nozzle exit, which is 0.09/0.06. The mean location for the separa-
tion shock in the experiment is ~0.21 m, which corresponds to a
distance of ~0.35 m from the throat of a conical nozzle. Hence, the
second factor of adjustment is 0.7/0.35. The adjustment due to the
cos(¢) factor can be evaluated from Eq. (29) for the phase angle,
which results the third factor of adjustment to be 1.16/1.56. The
shock excursion from Ref. 11 at 150 Hz is estimated to be 21 mm,
which is extrapolated to 245 mm after the three adjustment factors
from the theory to fit with the CFD nozzle conditions.

Figure 12 shows a comparison among the theory, CFD, and exper-
imental data (extrapolated). The other experimental data excluding
150 Hz, are based on the change in the pressure correlation relative
to the one at 150 Hz and extrapolated in the same way as in the
150-Hz case.

In general, the comparison between the theory and the experimen-
tal data is as expected. The relatively larger discrepancy at higher
frequencies is mainly due to the acceleration effect as discussed ear-
lier. The shock excursion from the experimental data is generally
smaller than that predicted by the theory and could be attributed
to the loss in energy storage because of the ignored viscous effect in
the theory, which includes turbulence and circulation of vortices in
the subsonic domain. In addition, there is some energy lost due to
shock and shear layer interactions. As a result, the energy dissipa-
tion due to the separation shock motion is smaller than that predicted
by the theory. However, there is still some uncertainty in the level
of discrepancy (10-15%) because of the rather crude experimental
data currently available.
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Fig. 12 S6 shock excursion against frequency.



A deficiency of accuracy in the assessment of turbulence effect in
unsteady flows may be the main reason for the discrepancy between
the experimental and CFD results as shown in Fig. 12.

The success of this theory lies in the use of the principle of con-
servation of energy to asssess the amount of energy dissipated by the
induced separation shock motion. It would have been a lot harder
to tackle this problem initially by resolving the fluid dynamics of
the complex flowfield of shock and shear layer interactions that take
place in a relatively small portion of the core flow. The failure of the
theory in the assessment of the viscous effect renders a discrepancy
between the theory and the experimental data.

Finally, the accuracy in the prediction of the separation shock
motion due to external pressure fluctuations from this engineering
method depends very much on how reasonable and accurate the
input data are of the mean flow for the theory, which are usually
acquired by CFD methods, in addition to the degree of deviation in
the flow structure compared with the simple inviscid conical shock.

V. Conclusions

A perturbative quasi-one-dimensional model coupled with a dual-
oscillator concept for unsteady conical or, to a certain extent, con-
toured nozzle flows has been established. It has been validated by
CFD and experiments to predict an induced periodic shock mo-
tion, accurately in the case of a conical nozzle and reasonably well
in the case of a contoured nozzle, as a result of external pressure
fluctuations.

Resonance and damping in the pressure amplitude behind shock
due to the external pressure fluctuation have been investigated and
physically explained with some feasible mechanisms to identify the
source of these effects. It has been shown that the standing wave
(strong resonance) in the transonic case is a consequence of super-
imposing two azimuthal coherent, almost identical in amplitude but
in opposite direction, traveling waves through the subsonic domain
inside the separated boundary layer. In the supersonic or hypersonic
case, arelatively weak resonance has been encountered as a result of
the phasing in the convective energy transported between the energy
dissipation due to the shock movement and the energy supply due
to external pressure fluctuations. The damping effect comes mainly
from the interaction and correlation between compressibility and
velocity in the subsonic domain downstream of the shock.

The applicability of this theory can range from as a basis of in-
terpretation of experimental and CFD results to a rapid but crude
assessment of eigenfrequencies where resonance of a separation
shock motion may occur in a conical or contoured nozzle. In ad-
dition, the theory provides deep insight on the influence of a large
number of physical and geometrical parameters in the design of
nozzle flow measurements.

It has to be stressed that this theory is not to replace other more
sophisticated and reliable methods such as CFD or experiment in
a wind-tunnel facility to predict or measure the induced shock ex-
cursion or its resonance due to external pressure fluctuations. On
the contrary, this kind of engineering approach is to support them
to narrow the range of frequencies that these methods can work in
to search for the physical phenomena that are difficult to measure
and predict accurately.

Prediction of flow separation and its unsteady motion in a general
practical engineering nozzle hitherto has been still more like an
art than a science because of its complexity with a vast number of
physical phenomena, which are either crudely understood or difficult
to measure or poorly estimated. It is hoped that this paper can help
to take a step closer toward the asymptote of accurate engineering
assessment of the sophisticated but important physics in unsteady
nozzle flow separation.
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